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§ 9. The Geometrical Representation Of Compley N

Argand Diagram. A complex number 2 =x+ iy can
be represented by a point I in the cartesinn plane whose

coordinates are (x,y) referred to rectangular r::ur:.: O.!f an
OY, usually called the real and imaginary axes respectively.

The complex number 0 +0 corresponds to the origin,
the real numbers x = x+ {0 correspond to the posiE:an H]u
vaxis and the purely imaginary numbers iy=04+1{y
correspond to the points on the y-axis. .

Obviously the polar coordinates of the point P e L)
r=0P=(x? +y?) is the modulus and 0 = ~ POX = tan™! (y/x) is
complex number %

Thus 0 is the angle made b ¥ OP with positive direction of x-axijs This FEpresenty;. J;'
of complex numbers as points in the plane is due to Argand and js called he _.llrﬂ;i
diagram or Argand planc or Complex plane.

The complex number z js known as the affix of
the point (x, v) which represents it

[T two complex numbers 2y and z, are represented
in the Argand diagram | then from the definitions of the
difference of two complex numbers and the 1mu:nr]ul'r.l.s of
4 complex number it is obvious that |2y =2,] is the
distance between the points z; and Z. It follows that for

a fixed complex number Zp and a given +ive real number
r, the equation |z - Zn|=r represents 3 circle with centre Zg and radius r. s
: ll';:h-: i..‘-l]l'.l'l!'lllf.l"i number L=X+ 1y is represented by the point P (x, ¥) in the Argasd
lpn:m- f't'![ll'j its CONNGAE Z=X~1y is represented by the point Q (x, - ) which is
o gtﬁ: e l:;{”f- Fin the real axis oy, If (r, ©) are the polar coordinates of P, th
pﬂTh "““'1 ’I;I““’S of Q are (r, - g) g that we have |z]=|Z] and arg z=-arg? =
4 a0 the  trigonometrical re i : Bl
r{cos 0 + i sin ), then that of Z is ~ FiCaeniation ‘of & SRS - SRUWDR. £ ::.
r {cos (- 0) + { sin (=0))
Using exponentiyl formiif z = yp 0

com I::‘ﬁmiefﬂljrﬂs_gntaﬂunr of 2 complex number, Iff we represed! : ul
3 S, Wb bY  point P iq (e Argand plane, then the length of the ¥
cement OP is equal to the modulus of (. complex |1U|1;h¢r z and the direction *
OF is represented by arg z. Therefore he complex number z can be represented bY il
vector OF and we wrile 2= Eﬁ:

Ly

uthrg
¥ g 2

ol

T

he. 1 (cos 0 - i sin 0).
W lhﬂn E: rﬂ.-m.
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1[40, The Points On The Argand Plane Representing The Sum,
3 ™ pifference, Product And Division Of Two Complex Numbers.
(i) Rupﬂ:sl:ntatiun of z; 4 z,. Let the complex numbers
:I =-.-ft + I-I'i'l IITIIJ _,'.': :'..t'? 4+ ;}lz

sresented by the points I’ and ¢ on the Argand dingram. Then the coordinates of
P ul::il () are (X} ¥y) and (x5, ¥;) respectively. Complete the parallelogram QPR Then
e middle points of PQ rlml_ (OR wre the same. Bul the od
.1'] "|‘.‘.: _‘I’t + Vo

| iddle point of PQ is | ===+ === which is there- R(z,+2y)

fore also the middle point of OR and so the coordinates
ibl’ Rore (xp+ %, Y+ ¥5). Thus the point R corresponds

1o the complex number

: [J-'-l +.'l.'-'_1} + f{j'l - y:j r
. _ . 5 >

.., (xp iy + (g +0y) Qe I+ .

Therefore the sum 2, + 2, of the complex numbers z;, 2, is geometrically represented

-hjr the veriex R of the parallclogram OPR({) whose adjocent sides OF and Of) are
represented by the complex numbers z; and z; .

The modulus and argument of 2, + 2, are given by
In vector nolation, WE.} h:m:_:'b T

q +E:=GP+ GQ‘EGP'!‘PR:Q .
To deduce that |z;+z,|<|z;|+]|z;]

We know that in any triangle, the sum of any two sides is greater than the third

side. Therefore from AOPR, we have -

OR < OP + PR, the equality sign being also taken because the
points O, P and R may be collinear

S N

OR<OP + 00
|2y + 5| <2 | +| 22|
(i) Representation of 23—z Let the complex numbers
yex iy and z=x by
m]:tp II:I:E;M; by the points P (x;,y;) and Q (x5, ¥,) respectively. Produce Q0 to g’
m E"tpﬂ =00Q. Then the coordinates of the point ' are (- X5, —y,) und so the
feseuls the complex number — x; — iy, ie., —2,.

Eﬂpltlt the parallelogram OQ'R'P.
—_—
n ~ =00’

- o = — =3
| Thyg 4 ~2y=2, + (- 2)) = OP + OB’ = OF + PR’ = OR". ;
[ the the tomplex number 7~y is geomeltrically represented by the vertex R
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Since (0 is equal and parallel to R "P.jl’l}mlnj

i d so OR"=QP.
OR‘PQ is also n parallelogram anc :
Thus the complex number 2 =23 15 also represented

-
by the vector QF. )
]ﬁr’: hﬂ"'ﬁ I Et - :2 I = ﬂR = Elnq
and arg (z; - 3) = £R°OX
i.c., the angle through which OX has to rolale so 45—
1o be in the direction of QP Ttz v
To deduce that |z, -z, 12 21 | =22}
We know that in a triangle the difference of any two sides is less than the third
Therefore from AOPQ, we have o
oP-0Q<QFP
or Iz =12 152 -2l or |11“3113—'|11|-Jzz|_
Remark. (a) Obviously |z, -z, |= QP and arg (z; - z,) is the angle. thyo, :
which OX has 1o rotate in anti-clokwise direction as o be parallel to lipe OP. 1t &
often convenient to use the polar representation about some point Zy other lha;nﬁ;
ongin. The representation z — 2 =p (cos ¢ +isin §) = pe’® means that p is the distaey
between z and 25 ie. p=|z ~ g/, and ¢ is the angle of inclination of veetor z - g wig
the real axis. Further if the vector z - Zg is rotated about Zg in the anti-clockwise direciis
through an angle 0 and 2’ is the new position of z, then
o -'f'=u=P£"¢+E]=p€"‘*,emz(.:—-z0}ef“. (Noté
Let the li : i :
: mﬂ:: ll:sﬂ.ﬁdndﬂﬂlnlﬂﬂej:lﬂﬂl:pnlulﬂ,mprmiudhymgmh
| "_z‘: - l'szE“fm“I‘“lllEunAEandCDrePrﬁ:.nIndh}r:lmd:-
vely. R -
respectively. Then the angle 8 between the lines is given by

0= al'gfzg“?'-o:l—ﬂrg{zl-zo} ::m-g[-zl___z.ﬂ.],

g H-g
][:_-.I Tﬂm:::i:;z Et“'}’ _F"ﬂﬂllﬂi values of the arguments are considered).
[h_zu]_,.-& B . &3 with ﬂﬂ‘ then urg {':32*10]-"{% "Ig}} =0 or m 30 e
; ' ~2) 15 real. It follows that the points A, B, C, D are collinear
ITAB is perpendicular to €D, (hep S .

zrsz

“fE['“——— . 2=,

4% #ud 5o ?:E 15 pure imaginary.
(lf) Representation

4501 (€08 0 +ising,)
L2573 (€08 0, + i 5in 0
Then ﬂP=|31|1=i' 00~ 2)
£POX =g, 1] =,
: ‘“rgh:ﬁ]‘ ﬁﬂﬂx:“gz:=92
B
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ﬂgp:ﬁﬁﬁﬂ“ﬂ“ﬂ of z; z,. We have

Tl yu=nn (cos B +isin D) (cos B, + i sin 0,)
- =ry ry (cos By cos 0, — sin O, sin 0,)

+ i (sin B, cos 0, + cos 0, sin 0,)
= ry Iy [cos (8 + 8;) + i sin (0; + 0,)].

[ From this representation _ﬂf Zy 2y in standard polar form, we observe that

1z zl=nn=lyllzl

| e modulus of the pmdr.rc:' of twa c:-r::npmr numbers
"quuf 1o the product of their moduli ;

Eum (5 22)=9 +8y=arg 7 +arg

. the argument of the product of twe complex numbers
lequal to the sum of their arguments.

Now the point R in the Arpand diagram
resenting the complex number z, z; can be obtained
En..: following manner.

Take the point A on OX such that OA = 1.

Draw the triangle OPR similar to the triangle OAQ such that the points R and
lie on the opposite sides of OP,

ZROFP=Z£Q0A=0,

d Z OPR=2Z0AQ.
Then ZROX=Z£POX+ £ZROP=8;+8,
= arg {E[ Ez }
Also from similar triangles OAQ and OFR, we have
OR OP

00 0A
or=2222 - op . 0g (- OA=1]

OR=ryr=| [z =21 22}
Thus OR is the modulus of the complex number z; z, and £ ROX is the argument
1. Hence the product z; z, is represented in the Argand diagram by the point

- Remark. Multiplication by i.
- Letz=r(cos 0 +isin 0).

1 1 5
' Singe :=ms—;-n +isin%=|:,

Il’um ﬂ”‘[ﬂus [ﬂ +~g—)+fsin[ﬂ+%]].

Henee multiplication of z with i rotates the vector for z through a right angle in
" Slive digectjon,
- €ntation of z,/z,. We have

% ry(cos8; +isin8;) it
Zy s (cos0a= i sin0,) ! I
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ry (cos 0 +isin0;) (cos O sin %)
=% (cos B, + i sin 0,) (cos 0y =1 sin )
(cos 0, cos Oy +sin 0, sin 0,)
+ i (sin 0, cos 05 = cos 0 sin 0,)

r cos® Dy + sin® 0,

=1 (cos (0, - 0) +i sin (0, = 0]
Fa

From the representation of 2,/Z; i standard polar form, we observe (.
n |zl
nl n lal
ie. the modulus of the quotient of wo conipiex nnbers

is equal to the quotient of their moduli,
and  arg (,/5) =0, -B=arg 7 —arg

4

i.e., the argument of the quotient of twa complex mimbers
is equal 1o the difference of their arguments,

Now the point R in the Argand diagram representing
the complex number z;/z, can be obtained in the

following mauner :

A

Take the point A on OX such that OA = 1. Draw
the triangle ORP similar to triangle OAQ such that the
points B and () are on the same side of OP,

LPOR=ZQ0A=0,
and £ OFR = £ OQA.
Then £ ROX=£ POX- ZPOR=0) -0y =arg (2)/25).
Also from similar triangles OAQ and ORP, we have

OR OP OA.OP OF
il = - -+ (A=
oA~ 00 or OR 00 00 [ O
or ﬂR=r—l=|i]-=ﬂ
rn lzml |z

Thus OR is the modulus of the complex number z,/z, and ZROX is the argi®
of 2,/2,.
Hence the quotient z;/z, is represented in the argand diagram by the point £
Remark. We have proved that
arg () p)=argz) +arg 2,
g (/) = arg 2y - wrg 2.
But if arg 2; and arg z, are the principal values of the argument ”

-
4rg 3y +arg zy need nol represent the principal value of the argument of z; Z; - A sim
remark applies to

aTg £y — WE L.

amcd
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: example, il

Por e gy == 14 L g =14 N3,

arg sy =3 WEH =T,
het

nrg:|+ﬂIE:3=;‘ﬂ+J—ﬂ=£n}m
o that

4 i 12
herefore, ¥g o +arg 7 cannol be the principal value of arg (2 25).

. 41. More properties Of Moduli And Arguments.
11

-meurﬁm 1. The moduius of the product of any number of complex numbers

| 10 the product of their moduli and the argument of the product is equal to the
P

n of their arguments.
proof. Lel j Sp0eee
seir moduli and 0;. 8, ....... O, their arguments, so that

gy =y (cos Oy +1i sin 0)),......, g, =r, (cos 0, +isin 0).

.. T, be the complex numbers. Let ry, ry........ 1, denole

We have Ty Za ..eoes 5 = {1y (008 0, +i sin 0;)}{rs (cos By +isinDy)}......

...... {r,(cos 0, +isin@)}
=1y Fyoneess r, [cos (0, +0,+ ... +0 ) +isin(0;+0y+...... +0,,)]
|53 e pl=rpry .. r=lgllzal...... 12,1
. arg =y Zg - oee- 20 =0+ + ... +0,

=agz gL t...... +argz,.
INEQUALITIES OF MODULI

Theorem 2. The modulus of the sum of two complex numbers can never

weed the sum of their moduli.
Proof. Lel z;, z, be any two complex numbers. We are to prove that

I.El'.i'::iEEE! [+IEEI.
We know that |z|*=zZ. i
2+ 2, P = +2) @ + ) = (7 +2) (21 +22)
= I ﬂ‘l’iﬁz E‘I"[Ilﬁ'f‘z; I )
Now 3 7=z |2 5 =] 2 |

—_—

oy m+nzi=45+E 2)
=2R (3 I3 ).

|2y +25|2= ]2, |2+ 7l * + 2R (21 )
<l 2 +|z 2 +2|2 )
a2 +15 P21 15l
=1z 12+ 52+ 2y llz]
={lz | +|z

s 2,42,|25 012y | + |22

|E|+:I|51:1|+|:.1|.

[ z+Z=2R(3)]

[+ R@E)S|z]]
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S g Ler) R '“'""ﬂ -ée

L of o pﬁzzﬁur}xim‘-ﬁ‘”“’t
. n ,jl.['?,-rS'E)-‘:H ) "
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